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Standard monomials for wonderful group 
compactifications 

Katrin Appel 


Abstract 

Let X be the wonderful compactification of the semisimple adjoint 
algebraic group G. We show that the basis of H°(X,C) constructed 
in 1CM031 is compatible with all B x LLorbit closures in X by defining 
subsets using only combinatorics of the underlying paths. Further¬ 
more, we construct standard monomials on X that have properties 
similar to classical standard monomials. 


1 Introduction 

Let G be a semisimple algebraic group over an algebraically closed field. One 
aim of standard monomial theory is to define bases of the space of global 
sections H°(G/B,£\). Here B is a Borel subgroup of G, G/B is the flag 
variety, and A is a dominant weight of G with associated line bundle £\. The 
elements of this basis should be weight vectors of G and behave nicely under 
restriction to the Schubert varieties in G/B. As H°(G/B,£\) = H(A)* by 
the Borel-Weil theorem, this also gives bases of the highest weight modules 
of G that have nice geometric properties. 

One solution for this is the path model which defines paths in the weight 
lattice and an associated path vector p n 6 H°(G/B, £\) for every LS-path of 
the form A. These path vectors form a basis of the G-module H°(G/B, £\). 
Given a Schubert variety S(w) in G/B , it is possible to define a subset of the 
set of all LS-paths of the form A such that the associated path vectors restrict 
to a basis of H°(S(w), £\). This definition depends purely on combinatorial 
properties of the paths. The path vectors associated to LS-paths are called 
standard monomials an G/B. 

As a generalization, it would be nice to have an analogue for compactifi¬ 
cations of symmetric spaces G/H instead of the flag variety G/B. This paper 
deals with the special case of the wonderful compactification of an adjoint 
group G, that is considered as a symmetric space of the group G x G. The 
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wonderful compactification X of the group G consists of several G x G-orbits 
of which exactly one is closed, and this unique closed orbit Y is isomorphic 
to G/B x G/B. Now the existing standard monomials on G/B x G/B can 
be extended to X to get standard monomials on A". 

In this paper we show, that arbitrary extensions are compatible not only 
with the closures of G x G-orbits in A", but also with the closures of all 
B x 5-orbits. Furthermore, we construct extensions that possess attributes 
similar to those of classical standard monomials. 

The paper is organized as follows. In the second section, we shortly recall 
the construction of the wonderful compactification X of a group G. We also 
include the description of the B x 5-orbits in A" and their closure relations 
obtained by Springer. Furthermore, a short description of the line bundles 
on X is given. 

In the third section, we very briefly describe standard monomials on the 
flag variety G/B. We do not give an adequate presentation of the path 
model and standard monomials, but state only those properties of LS-paths 
and path vectors we need later. 

The fourth section contains a resume of the results of the paper |CM03I . in 
which Chirivi and Maffei construct standard monomials for wonderful com- 
pactifications of symmetric spaces. We give the definition and the properties 
in the special case of the wonderful compactification of a group. In particu¬ 
lar, the set is defined which is a basis for H°(X,£\) compatible with 

restrictions to G x G-orbit closures. 

In the fifth section, we define for every B x 5-orbit closure Z a subset 
°f which restricts to a linearly independent subset of H°(Z,C\). 
Using consequences of the existence of a compatible Frobenius splitting and 
properties of the associated graded module for a suitable filtration, we prove 
that JY[^ is also a basis of the global sections on Z. Thus, we show that 
in the case of a group compactification the basis M.G) j s compatible with 
restrictions to 5 x 5-orbit closures as well. 

In the last section we take advantage of the fact that so far, none of 
the constructions depends on the choice of the continuation of the standard 
monomials on Y to X. This section is dedicated to the construction of 
standard monomials for X which have properties similar to the classical 
standard monomials. 

The author wants to thank P. Littelmann and M. Brion for useful com¬ 
ments. 
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2 Wonderful group compactifications 

In |IEEHj, De Concini and Procesi construct the wonderful compactification 
of an adjoint group G in characteristic zero as a special case of symmetric 
spaces. The definition was extended to positive characteristic by Strickland 
in [St87| . In this section, we shortly recall the construction and properties 
of wonderful group compactifications. 

Let G be an adjoint semisimple algebraic group over an algebraically 
closed field of arbitrary characteristic. Choose a Borel subgroup B and a 
torus T such that T C B C G. The corresponding weight lattice is A, 
with dominant weights A + . The set of simple roots is A = {aq,..., cq}, the 
positive roots are denoted by <h + and the negative roots by <f> _ = —<h + . Let G 
be the simply connected covering of G with morphism 7r a d : G —> G. Denote 
the pre-images of the subgroups of G in G by T — (T), B = (B). 

The group G can be considered as the symmetric space (G x G)/diag G , 
where diag G denotes the diagonal in GxG. For a suitable G-module M, this 
space G = (Gx G)/diag G is isomorphic to the orbit (GxG) - h of an element 
h G P(End(M)), where GxG acts on End(M) = M* 0 M via (gi,g 2 ) • 
(mi < 8 ) m 2 ) = gimi 0 ( 72 ^ 2 . Thus, G is embedded in P(End(M)). Define the 
wonderful compactification X of G as the closure of (GxG)-h in P(End(M)). 
In characteristic zero, M can be taken as the highest weight module V (A) for 
any regular weight A. The wonderful compactification will be independent of 
the chosen weight A. In positive characteristic, the Steinberg module is such 
a suitable module. 


Proposition 1 (Theorem 3.1 in [CP83J). Let A" be the wonderful com¬ 
pactification of an adjoint group G of rank l. 

1) X is smooth. 

2 ) X\(GxG)-h is the union of / smooth divisors Si,... ,Si, which intersect 
transversally. 

3) There is a bijection between the subsets of D := {1, 2,...,/} and the 
set of G x G-orbits in X given by / 1 —> Xj where the closure of Xj is 

x, : rp. Si. 

4) The unique closed GxG-orbit A@ = P |- =1 Si is isomorphic to G/BxG/B 
and also denoted by Y. 


So for two subsets I, J C D one has I C J <=> Xj C Xj. Every GxG- 
orbits contains a base point hj, which has the following properties: 

1) (B x B ~) • hi is dense in X / and 

2) there is a cocharacter 7 of T such that hj = lim^oT^)- 
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Springer also describes the 5 x 5-orbits and their closure relations ex¬ 
plicitly. 

Proposition 2 (Lemma 1.3 in fSp02| ). 1) The B x 5-orbits in X are 

[I,x,w] := (5x5)- (x,w) ■ hi, 

where I C 5, x G IP 7 , and w G IP. Here IP is the Weyl group of 
G, Wi the parabolic subgroup of IP generated by the simple reflections 
corresponding to the roots a* such that i £ /, and W 1 is the set of 
minimal representatives in W/Wi. 

2) The relation between the set {(I,x,w) \ I C D, x G W 1 , w G W} and 
the set of 5 x 5-orbits in X is a bijection. 

3) The dimension of a 5 x 5-orbit is given by 

dim [/, x, w] = l(w o) — l(x) + l(w) + |/|. 

Here Wq is the longest element in W and l(w) denotes the length of the 
element w of the Weyl group. 

There is a partial order on the set of 5 x 5-orbits defined by 

[I, x',w'] < [J,x,w] :<;=> [I,x',w'] C [J,x,w]. 

The closures of the 5 x 5-orbits [0, x, w\, where x, w G W, are the well 
known Schubert varieties in Y = G/B x G/B. Denoting the Schubert variety 
in G/B corresponding to the Weyl group element w by S{w), one has 

[0, x, w\ = S(xw 0 ) x S(w). 

The closures of the 5 x 5-orbits [5, id, w] where w G W are called large 
Schubert varieties and denoted by X(w). 

Proposition 3 (Proposition 2.4 in |Sp02| ). Let [I,x',w f ], [J,x,w] be two 
5 x 5-orbits in X where /,JcD, i'g W 1 , x G W J , and w',w G W. The 
relation [I, x', w'] < [ J , x, w\ holds if and only if 

1) / C J and 

2) there exist u G IP/ and v G Wj D W 1 such that 

1 ) l(wv ) = l(w) + l(v), 

2 ) x' > xvu~ x , and 

3) w'u < wv. 

Here < denotes the Bruhat order on the Weyl group. 


4 









Proposition 4 (Lemma 2.4 in ;St87j ) . The restriction map Pic(X) —> 
Pic(y) is injective. Its image is the sub-lattice {(— w 0 X, A) | A G A} = A. 

So we get A = Pic(X) via A i—> £\, where £\ is the line bundle on X 
which restricts to £^/f/ K £ ( / ! ' B) on Y = G/B x G/B. Here £ ( / !,/B ' 1 denotes 
the line bundle G x B k_\ on G/B associated to the weight A. 

Proposition 5 (Corollary 8.2 in [CP83 and section 1 in BPP.O ). 

For every i — 1,..., l there is a G x G-invariant section cr* G H°(X, £ a .) with 
divisor Si, that is unique up to multiplication by a scalar. 


Notation. Let A,/i G A be two weights. Write p < A if there are non¬ 
negative numbers n±, G N 0 such that A — fi — Y2i=i n i a i- Denote such 
a collection of numbers by 


n = (m, ...,ni) G Nq. 

The norm of the vector n is \n\ = n i■ Denoting a = (ai,the 
scalar product is na = UjOj. There are two convenient ways to refer to 
products of (7j. Write 


a = a 


n 1 


• CT; 


ni 


= a (A -D 


in case p < A and A — n — na. Write in this case also |A — /jl\ = | n 


Proposition 6 (Theorem 8.3 in CP83 ). Let A G A. 


H°(X, £\) 7 ^ 0 <=>• 3/i G A + such that p < A 


3 Standard monomials for G/B 

In this section, we briefly recall the facts we will need about the path model 
and standard monomials. We refer to [Li98] for a more detailed exposition. 

One of the basic results of standard monomial theory is a set {p'G \ tt G 
B\} which forms a basis of the G-module H°(G/B, £\) and has some nice 
properties. Its elements p'G are called path vectors and are indexed by the 
set B\ of LS-paths n of the form A G A + . Two of their properties will be 
of importance later on. First, the end point 7r(l) of a path n G B\ is in A, 
and the corresponding path vector p^ is a weight vector of weight —7r(l). 
The second property is that there exists a map i : B\ —> W which assigns to 
an LS-path 7 r an element of the Weyl group i(n) called its initial direction. 
This is used to define for a path the notion of being standard on a Schubert 
variety in G/B. 


5 














Definition 1. Let Y = (J X(r.,) be a union of Schubert varieties X{ji) in 
G/B. The LS-path n G B\ is standard on Y if and only if n) < Ti for 
at least one r*. Here i(7r) G IF is the initial direction of the path 7r and < 
denotes the Bruhat order on the Weyl group. The associated path vector 
Ptt G H°(G/B , C\) is standard on Y if and only if the path 7r is. 


Proposition 7 (Theorem 5.3, Corollary 5.2, Theorem 8.6 in [Li98]). 

1. The set of path vectors {p n | 7r G B\} of the form A is a basis of 
H°(G/B,£ X ). 

2. {Pvr| v | 7T G B\, 7r standard on T} is a basis of H°(Y, C\\ y). 

3. {p n | 7T G B\ , 7T not standard on F} is a basis of the kernel of the 
restriction map H°(G/B,C A ) — > H°(Y, C x \y)- 


4 Standard monomials for X 

In CMOS , Chirivi and Maffei construct standard monomials for the wonder¬ 
ful embedding of a symmetric space G/H that extend the classical standard 
monomials. The construction and properties of the extended monomials in 
the case X = G are given in this section. 

Let A" be the wonderful compactification of the group G and A G A + a 
dominant weight. The line bundle C\ G Pic (A") can be GxG-linearized which 
gives a linear action on H°(X, C\). For any closed G x G-stable subvariety 
Z of X, we consider H () (Z, £\) as a G x G-module. 

Proposition 8 (Corollary 1.8 in [ CM03 ] ). For all A G A + the restriction 
H°(X,£ x ) — > H°(Y,£\) is surjective. 

Let A G A + be a dominant weight. For any dominant p < A and any LS- 
path 7r G there exists a path vector p^ G H°(Y, C^). Choose for every 
p^ an arbitrary continuation G H°(X,C^) such that x^’\ y = p^ ■ 

Proposition 9 (Theorem 3.3 in [C MOS ). The set := {a^-^x^ \ 
p G A + , p < A, 7r G B is a basis of H°(X, £\). 

The next proposition shows that this basis is compatible with the G xG- 
orbits in A". 

The closure Xj of the G x G-orbit corresponding to / C D satisfies 
Xj = Hence, the restriction of the G x G-invariant section cr t to Xj 

is non-zero if and only if i G I. In particular, on the unique closed orbit 
Xi = Y we have a\\ y = ... = ai\ y = 0. 


6 









Definition 2. Let Xj be the closure ofaGx G-orbit in A" and A, fi G A + two 
dominant weights such that /i < A. Then A — fi — Z\=\ n i a i where rq G N 0 
for all i 6 I). The monomial a^-^x^ G M.G) is standard on Xj if and 
only if rii — 0 for all i (f I. 


Proposition 10 (Corollary 3.4 in 

G x G-orbit in X. The set 


[CM03| L Let Xi be the closure of a 


M { x] ■■= I standard on A/} 

is a basis of 5° (A/, C\). 


5 A basis for C\) 

Let X be the wonderful compactification of the group G and Z the closure 
of a 5 x 5-orbit in X. In this part, for any A G A + we will define a subset 
of M.G) which is a basis of the 5 x 5-module H°(Z, C\). 

Consider a 5 x 5-orbit [I,x,w\, I C D, x G W 1 , w G W, and its 
closure Z. As the intersection Z fl Y with the unique closed G x G-orbit 

Y = Xj is closed and 5 x 5-stable, it is a union of Schubert varieties in 

Y = G/5 x G/5. A basis of H°(Z fl Y, C^\ zhy) for /i G A + is given by the 
set of restrictions of the standard monomials p^\zr\Yi that are standard on 
ZDY. 

For a dominant weight /j G A + and an LS-path i r G 5 At let xZ 1 G 
5°(A, be an arbitrary continuation of the standard monomial G 
5°(F,£ m ) to A. 

Definition 3. The path i r G 5 M and are standard on Z if and only if 
= x^\ y is standard on the union of Schubert varieties Z fl Y . 


Proposition 11. Let Z be the closure of the 5 x 5-orbit [I,x,w] in A", 
where / = (ii, ..., i r } C D, x G W 1 , and w G W. 


mS> := 


n T (m)| 

°ii ■■■ (T i r x ^ \Z 


11 = X - YJk=\ n kOLi h G A+, rii,... ,ni G No, 
7r G 5 m standard on Z 

is a linearly independent subset of H°(Z, £\\ z)- 


Proof. Consider the equation 

(i) 

/i<A ttGB^ 
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where (3^ G k and is standard on Z. Here the sum is over all p = 
A — J2k =1 n k a i k e A + such that rii, ... ,n r G No- 

All (j 2 are zero on the closed G x G-orbit Y, so the restriction of (JTJ) to 
Z n Y yields 

Y,A X) Z ) \znr = 0. 

tt£B x 

But pi- A) = | y are standard and in particular linearly independent on 

Z fi Y, so /?| A = 0 for all 7 r G B\. 

The next aim is to show that equation 0 also implies fffl = 0 for all 
7 T G and /i G I := {|i < A | p = A - ^ Q . eJ rqcq G A + , rq G N 0 }, p ^ A. 
Therefore, a lexicographic order on the set {p G A + | p < A} is defined as 
follows: 

Let p, p' < A where p = A — ^ ;=1 rqcq G A + , p' — A — e A + . 

We have p >i ex p/ if and only if there exists j G {1,..., /} such that n l = n[ 
for all i < j and rij < n'j. 

This definition yields a total ordering on the set {p G A + | p < A} which 
can be restricted to the subset M that contains those p = A — n t (Xi G A + 
where rq = 0 for i 4. I. 

/ \ 

Now consider a weight v G M, v < A and assume = 0 for all 
7T G B^ and p >i ex /x It remains to show that /3k ' = 0 for all i r G B v . Let 
A — v = n k&i k and 3 ^ {1, • • •, r} such that ni = ... = rtj_i = 0 and 
rij 7 ^ 0 . 

On the closure Xs a . a . \ of the G x G-orbit X? „ , we have cr,, = 

l iji-) J r-Ar J 1 

... = (Tj._j = 0. So if we restrict the sections, equation 0 becomes 

E E 

,reS ' i 

v=^-Y.k=j m k<*i k eA + 




znw 


= 0 


where > rij. All oyd 


. . . rr m r^.G) I 

I 


znx. 




lie in the image of 


h°(z n x {a . -*-> B’lznXfe.«*),£»)• 


The wonderful compactification of a group is in particular a complete 
regular G x G-variety, so Theorem 1.4 in jB98| can be applied. Part (ii) 
implies that the intersection of an irreducible component of Z fl Xj with the 
G x G-orbit Xj for J C / is non-empty. Since a, :j is G-invariant and does 
not vanish on the G x G-orbit Xj for c\ %3 G J, the multiplication by a i J is an 



injective map. Therefore, the set {a ™ 3 ■ ■ ■ cr™ r \ zrx {a . a . } } is linearly 
independent if and only if the set of pre-images 

{dTX£‘ •••Oi'Ww,.,„ ir> } C H°(z nx (<j . 

is, too. Restricting to the closure of the GxG-orbit X{ a . , +ii ... air .} the equation 


E E& w 


n v ^rn,. , _ _ . n m r ^ 


h +1 '''°A ^ I ZnX {c« i ,,...,a i } 


= 0 


!J 1 -J+l 


(mj,...,m r .)eN r 
^=^-J2k=j m kai k gA+ 


r£B„ 


becomes 


E 


E# 


(T, 


(m,' + i,...,m r )6N r 

fj,=\-njai. -J2k=j+l m kOH k GA+ 


tG Bu 


m j+l . . . . _ n 

b+l a v X 7 r I ZnX {<H j+1 , ~‘*i r } 


where rn 3+ \ > nj+i by induction hypothesis. Hence, the last steps can be 
repeated with j + 1, j + 2,..., r. Finally, equation 0 gives 

E /^'AW = o. 

TrG-Ey 


As all are standard on Z fl Y, this implies (3^' > = 0 for all n G B v . □ 


M 


Remark 1. The same proof also works for corresponding sets when A = 
G/H is the wonderful compactihcation of an arbitrary symmetric space. In 
this case, standard monomials on the closure Z of a R-orbit can be defined 
exactly in the same way. But while the set linearly independent, 

it is in general not a basis of H°(Z, C\). 

To show that is a basis, the dimension of the RxR-modulc H Q (Z, £\) 
has to be calculated. For this, we follow the approach of Brion and Polo in 
fTTpnn] and generalize some of their results on large Schubert varieties to 
arbitrary B x R-orbit closures. 

First, we need some facts that are obtained by using the methods of 
Frobenius splitting. Let the algebraic group G be defined over an alge¬ 
braically closed held of positive characteristic. In [BPOOl . Brion and Polo 
construct a Frobenius splitting a G Horn o x (F*Ox,Ox) that splits X com¬ 
patibly with the closures of all G x G-orbits Xj and with the large Schubert 
varieties X(w) (Theorem 2 in jBPOOj h He and Thomsen show in [HT05] 
that a splits X compatibly also with all B x R-orbit closures (Proposition 7 
in |HT05] ). From this, the following corollary is obtained. 
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Corollary 12. Let X be the wonderful compactification of the adjoint group 
G over an algebraically closed field of arbitrary characteristic. Let A G A + , 
Xj the closure of a G x G-orbit and Z the closure of a 5 x 5-orbit in X. 

1) The restriction maps res^ : H a (X,£\) —> H°(Z,jC\) and res^nv : 
H°(Z,jC\) —> H°(Z fl Y, C\) are surjective. Here C\ also denotes the 
restriction of the line bundle to Z respectively Z fl Y. 

Furthermore, H l (Z , £\) = 0 for all i > 0. 

2) The scheme theoretic intersection Z fl Xj is reduced. 

Proof. First, consider the case char(fc) >0. If A is regular, then the line 
bundle C\ is ample by Lemma 1 in IBPOOi and the first assertion follows from 
Proposition 7.2 in 1 1105 . To prove the assertion in case A is not regular, 
we will use Proposition 1.13 (ii) from jR87| . 

In the proof of Theorem 2 in IBPOOI it is shown, that cr splits X com¬ 
patibly with the 5 x 5-stable divisor D + := Y^i=i X(woSi) as well as with 
the 5“ x 5“-stable divisor D~ := (wq,Wo)D + = ]T^ =1 X _ (sjWo). Here 5 _ 
denotes the opposite Borel of 5 and X~(w ) = B~wB~, where w G W, is a 
opposite large Schubert variety in X. In particular, a is a (p— l)5 - -splitting 
by Theorem 1.4.10 in }BK04j . 

The support D := supp ((p — 1 )D~) = U* =1 X~(siWo) contains no 5x5- 
orbit. Indeed, if x G D such that (5 x B)x C D, then (5 _ x 5”)(5 x B)x C 
D, because D is B~ x 5~-stable. As 5~5 is dense in G and D is closed, 
this implies (G x G)x C D. But this is not possible, because D contains no 
G x G-orbit. Hence, no irreducible component of a closed union of 5x5- 
orbits is contained in supp((p — 1)5~). So the (p — l)5 _ -splitting a splits 
compatibly with all considered subvarieties Z. 

Furthermore, in the proof of Theorem 2 in jBPOOl it is shown, that the 
line bundle associated to the divisor D~ is As g is a regular weight, 

this line bundle is ample by Lemma 1 in jBPOOj . By the same Lemma, the 
line bundle C\ is generated by its global sections and therefore without base 
points. 

So Proposition 1.13 (ii) in 5,87] can be applied and yields the first asser¬ 
tion in positive characteristic. Using Proposition 1.6.2 and Corollary 1.6.3 
in |BK04j . this implies the same result in characteristic zero. 

The second assertion is an easy consequence of the existence of a splitting 
in positive characteristic and can be found for example in Proposition 1.2.1 
in jBKfUj . Corollary 1.6.6 in jBKn4| extends the result to characteristic 
zero. □ 

Recall that Z is the closure of the 5 x 5-orbit [/, x, w] where / = 
{i±, ..., i r } CD, iG W 1 , and w G W. 


10 





















Lemma 13. Let J C / and Xj be the corresponding G x G-orbit closure. 
The irreducible components of Z fl Xj are [J, xv, wv] where v G l'i'7 H 
such that 1 (ct) = Z(w) + l(v). 

Proof. Part (ii) of Theorem 1.4 in |jB98j implies that every irreducible com¬ 
ponent meets the G x G-orbit X}, so Z D Xj is the union of all [J, x, w] such 
that [J,x,w] < [I,x,w\. 

[J, x, w] < [I, x, w] 3v G Wi fl W J such that l(wv) = l(w ) + l(v) and 

3 u G Wj such that x > xvu and wu < wv 
3v G Wj fl 1T J such that l(wv) = l(w) + l(v) and 
[J, X, w] < [J, XV, wv] 

Hence, those [J, xv,wv] are the irreducible components. □ 

Lemma 14. Let /i G A be a weight. 

At ^ n at => h°(z n y, C, \ ZnY ) = 0 

iei 

Here for a simple root a , denote by the set {A G A | (A, a) > 0}. 

Proof. Let S(w) denote the Schubert variety G/B associated to the element 
w of the Weyl group. Lemma ITT1 implies 

ZHY = [$,xv,wv] = S(xvw 0 ) x S(wv). 

v£Wi v£Wi 

l(wv)=l(w)-\-l(v) l(wv)=l(w)-\-l(v) 


The restriction to Y of the line bundle C M is the line bundle IE 

on G/B x G/B. Dabrowski shows in |D92j that 

H°(S(w), fi G a + for all a G A such that wa G <f> _ . 

Assume H°(Z fl Y, £ /; ) 7^ 0. Then there is a v G Wi such that l(wv) = 
l{w) + l(v), H^Sixvwo),/:^) ± 0 , and H°{S(wv), C { f /B) ) ± 0 . We have 

H°(S(wv), O fi E a + y a E A : wva G <f> _ 

H°(S(xvw 0 ), 7 ^ 0 —w 0 fi E a + \/a E A : xvw 0 a E <h _ 

— w 0 fi E (— w 0 a) + 
y a E A : xvwq{—Wq a) E 
•<=> fi E a + y a E A : xva E <f> + 
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Let i G I. If voti G <f> _ , then wvoli G <f> _ , because l(wv) = l(w ) + l(v). If 
vcq G <h + , then xvcq G 4> + , because v G Wj and x G W 1 . This shows that 
H°(Z fl Y, Cfj) d 0 implies [i G af for all i G I. □ 

Let n = (ni ,... ,n{} G Ng, where rii = 0 for all % ^ /. Every non-empty 
open subset [/ of Y meets the G x G-orbit on which cr n is non-zero, so 
the multiplication by 


is an injective map for every U C Z open. Define an ideal sheaf of 

O z by 

{a H C. m ){U) =a H \u- jC-n S {U) C H°(U, £ m ® 0(z) C-nd) = H°(U, O z ) 
for every open set U in Z. 

Lemma 15. Let X be the ideal sheaf of Z fl Y in O z . 

1) X is generated by ay,..., ay., i.e. 

X = ^ a H C-rts. 

nS Nj, 

m=o v itfii 

2 ) (ay,..., ay) form a regular sequence in 0 ^. 

3) For all n G N we have 

T n /l n+X = © A-flsIzny. 

|n|=n 

7li=0 

Proof. 1) a - !,..., a - ; generate the ideal sheaf Xy of Y in 0x (see e.g. 
BPOO'j before Corollary 4). All 07 are G x G invariant, so 


o'i\ z — 0 O o’ilxj — O O i I. 


As the scheme theoretical intersection Z fl Y is reduced by Corollary 
ca X is generated by those 07 where i G I. 

2) To prove this assertion, the proof of Corollary 4 in jBPOOj can be 
adapted. For 1 < j < r define 


3 - 1 


z j :=znx {iit „. iir} = znf)s ik . 


k=i 
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Then we have Oz j = (^/(cx^,..., o^. J, because S lk is the divisor 
corresponding to a ik . Corollary |X21 assures that Z 3 is reduced. By 
Lemma ED the irreducible components of Z 3 are Z^ v := [J,xv,wv\ 
where J = {ij,... ,i r } and v G Wj n W J such that l{wv ) = l(w ) + l(v). 
As none of these irreducible components is completely contained in Si ., 
the restriction of cp. to Zj jV does not vanish for any v. 

Let / G Oz(Z) such that a tj ■ f = 0. Then in particular a tj ■ f\ z 3 , v = 0 
holds for the restriction. As Zj >v is irreducible and reduced, Oz{Z 3)V ) is 
an integral domain. But oy z j v ^ 0, so /1 = 0. This implies / = 0, 

and <7j. is no zero divisor in Oz 3 = Oz/{(T il; ..., cXj^J. 

3) Because of |T|we get 

n~n \ A ft r 

ft 

where the sum is over all n = (tt-i, G N q such that Xu=i n i = n 

and rii = 0 for all i (f I. From this follows directly 

X 71 /X n+l = a n C-fis\ zrY■ 

n 

□ 

Using the ideal sheaf X from the last Lemma, a filtration of the B x B- 
module H°(Z, C\) can be defined. Indeed, the B x 5-modules 

F n := H°(Z, C\ 0 X n ), where n G N 0 , 

form a finite descending filtration of H°(Z, C\). For n = (ni ,... ,ni) G N 0 Z , 
where n.j = 0 for all i ^ /, the multiplication by 

a n :H°(Z,C x _ m )^H°(Z,C x ) 

is injective. As X is generated by those cp where i G /, and all cp are invariant 
under G x G and therefore in particular under 5x5, 

Fa := Im (a n ) 

is a 5 x 5-submodulc of F n , where n = |n|. 

Proposition 16. 

Fn = y Fq 

\n\=n 

gr n H°(Z, C x ) = F n /F n+1 = 0 H\Z n Y, £,) 

/i<A dom. 

\X—fi\=n 
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Proof. The short exact sequence of sheaves on Z 


0 -f C x <g) X n+1 C x ® J" £ a <g> X n /X n+l -► 0 
induces a long exact cohomology sequence 

0 - F n+ i H°(Z, C x <8> X n /X n+1 ) - ... , 

which implies the inclusion 

gr n H°(Z, C x ) = F n /F n+1 — H°(Z, C x ® X n /X n+1 ). 
Using the last lemma, we get 

H°(Z, C x ® X n /X n+1 ) = 0 n Y, C X -hs )■ 


Here the sum is over all n = (rii... ,ni) G Ng such that n, = 0 for all i ^ /. 
Denote A — net by //, and let j ^ /. Then 

(//, dj) = (A — UjCtj, dj) = (A, dj) — (cq,dj ) > 0. 

>0, because AeA+ <0, because 

So either /i e A + = f^ =1 q;A holds or n C\ iGl ctf. But in the second case 
fl Y, £ /t ) = 0 by Lemma CH Thus, we get 

if°(Z, £ a ® X n /X n+x ) = 0 a {x ~^H°(Z n Y, £„). 

/z<A dom. 

| A—/Lt|=n 


Altogether, there is an inclusion 


gr n H°(Z,£x)^ ® H°(ZnY,C^ 

/i<A dom. 

|A— fj,\=n 


Consider n = {n i ... ,n{) e Ng with = 0 for all ?' ^ /. As the multipli¬ 
cation by cr n : H°(Z, Cx-hs ) -* Lf°(Y, £ A ) is an injective map, its image F^ is 
isomorphic to H°(Z , £ M ) where /j = A — net. Identifying H°(Z, Cx-ns) 

with X]|nj=n-^ — H°{Z,C X ), we get the well defined restriction map 

X] H°(Z,Cx-fts) - 0 tf°(ZnY, £*_*»), 

|n|=n |n|=n 
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because any element, that is contained in Im(cr n ) for at least two different n 
such that \n\ = n, restricts to zero on Y. For any dominant weight /i G A + 
the restriction map F°(Y, —> H°(Z n Y C tl ) is surjective by Corollary 

HZ1 If n = A — J2i£i n i a i is n °f dominant, then there is an index i e / such 
that fi ^ ad~. In this case Lemma HU implies H°(Z fl Y, = 0. This yields 
the commutative diagram 


Fn _S_* H°(Z, Cx-na) 

\n\=n \ri\=n 


F n 


F n /F n+1 =gr n H 0 (Z 1 Cx) c 


© H °( z nv,4). 

/z<A dom. 

| A— fi\=n 


As this map is surjective, the first part of the assertion follows. Now F n lF n +1 = 
®/(^ny,g implies 

Fn = O)H 0 (Z HY, Cu) © F n+1 . 

As Ffi and F n+1 are both submodules of F n and the above map J^Fa —> 
0 H°(Z fl Y, is surjective, we get 

F n = F^ + F n+1 . 

|n|=n 

Iterating the last steps gives 

F n = F^ + Ffi + F n+2 

|n|=n |n|=n+l 

= Fa + F n+2 , 

|n|=n 

because F^ C F^ if m = (mi, ... ,mi) and n = (n 1; ..., rp) such that m,; > rij 
for all 1 < i < l. As the filtration is finite, the second part of the assertion 
follows by induction. □ 

Corollary 17. The set A4^ is a basis of H°(Z, C\\ z). 
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Proof. By Proposition ITT! the set Xi ^ 1 is linearly independent. Theorem ITHl 
implies 

dim H°(Z, jC\\ z ) = dim gr H°(Z, £ x \ z ) 

— dim 0 H°(ZnY,£^\ ZnY ) 

fL< A dom. 

= ^ \{pI^ standard on Z C\Y}\ 

H <A dom. 

= \M ( Z X) \. 

□ 


6 Standard monomials 

Let A G A + and consider the 5 x 5-module H°(X, £\). The aim of this 
section is to construct a basis of this module that - like classical standard 
monomials - has the following properties: 

1) The elements of the basis are indexed by the set of LS-paths [J <A dom 
We call them path vectors. They are weight vectors whose weight is de¬ 
termined by the end point of the corresponding path. 

2) Let Z be the closure of a 5 x 5-orbit in X. The restriction to Z of 
those path vectors which are standard on Z with respect to A form a 
basis of H Q (Z, £\). 

3) Let Z be the closure of a 5 x 5-orbit in X. The restriction to Z of 
those path vectors which are not standard on Z with respect to A form 
a basis of the kernel of the restriction map H°(X, £\) —> H°(Z , £\). 

Definition 4. Let A, p G A + be dominant weights and Z the closure of the 
5 x 5-orbit [I, x, w) in A". The LS-path tt G 5 M and the corresponding path 
vector are called standard on Z with respect to A if tt is standard on Z 
and fi < A such that /i = A — Xu = i n i a i £ A + where n* = 0 for all i I. 

The set \ fi G A + , p < A, tt G 5 m } defined in section 

[I|is a basis of H°(X,£\) that is compatible with the restriction to 5 x B 
orbit closures. It fulfils the first two properties. This is true for arbitrary 
continuations x^ G 5° (X, £ tl ) of the standard monomials p^ G H°(Y, £ fl ). 

Now choose for any A G A + and n G B\ an extension x^ of the 
standard monomial G H°(Y,£\) to A". In general, the chosen set 
| /i G A + , n < A, tt G 5 m } does not have propertyOl be¬ 
cause the restriction of a^ x ~^x^ to a 5 x 5-orbit on which tt is not standard 
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does not need to be zero. But starting from those, new standard monomials 
can be constructed as linear combinations of the which 

have all three properties. 

Proposition 18. Let A G A + be a dominant weight. For each n G B\ there 
is a global section y i A ' ) G H°(X,£\) such that yi^ | y = p^ and y X) z = 0 
for all 5 x 5-orbit closures Z on which n is not standard. 

Proof. The claim is proven by constructing yi^ recursively for all A. Let 
A G A + . Assume that yi^\ where v G B is already constructed for all 
dominant p < A. Take a path ti G 5 a and consider 

Z*-= |J [I,x,w\ CX. 

7r not standard 
on [I,x,w] 


Z n is closed and B x 5-stable. Its irreducible components Z\,..., Z t are 
closures of 5 x 5-orbits. The restriction of x^ to each Z; t is a linear combi¬ 
nation of elements in of the same weight. Hence, there are coefficients 
cq„, fi lv G k such that 

4 A) U = Piv^^y^Zi- 

v£B\ fi <A dom. 

v standard on Zi 

I /(1)=tt(1) v standard on Z{ w.r.t. A 

l/(l)=7r(l) 

This yields for the restriction to Zi D Y 

„P)i _ „D)i 

Xn | Z<nY ~ X, Oli v Xv | ZitlY 

„D)| _ V'/v nW| 

P 7T | ZiDY ~ X a ivPv I ZiPlY 

As 7r is not standard on Z % fi Y, we have | z,nY = 0. But the restrictions 
pl X) \ z t nY form a basis of 5 0 (Z, : n Y, £ A ), thus a iv = 0 for all v. 

In case A G A + is minimal with respect to the order <, that means there 
is no dominant /i < A, this implies that every extension of p^ to X has 
the required properties. Actually, we have an isomorphism H°(X,£\) = 
H°(Z , £\), so the choice of the extension is canonical. Denote this extension 
by yi X) . 

For bigger weights A, the equation 
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remains. The following argument shows that the coefficients (3^ may be 
chosen in such a way that /3 iu = (3j V for all i,j 6 {l,...,t}. If v is not 
standard on Zj, then yi^ ] \zi = 0, and (3^ can be chosen arbitrarily. But each 
v is standard on at least one irreducible component Zj. If v is standard on two 
irreducible components Zj and Zj, then it is standard on their intersection 
ZjflZj as well. This fact is a generalization of the analogous fact for Schubert 
varieties and it is proved subsequently in Lemma [201 We have 







v standard on Zi 
w.r.t. A 


v standard on Zj 
w.r.t. A 


As a | Ziiiz, = 0 for all v that are not standard on ZjflZj with respect 
to A, this implies 






v standard on ZiC\Zj 
w.r.t. A 


v standard on ZiC\Zj 
w.r.t.A 


But all appearing a^ x ^yu\ z t nz :j are linearly independent. Therefore we get 
(3 iu = Pj v - Defining (3 V := (3 lv = ... = (3 tv leads to 



Now take 



This yields for the restriction to Y 



and for the restriction to Z^ 



□ 


Corollary 19. Let A 6 A + . The set 


5 (A } := {<7 (A -riyM | fj, G A + , n < A, 7T e B,} 
has properties d d and d 


To complete the proof of Proposition [H3 it remains to show 
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Lemma 20. Let Z\ , Z 2 be irreducible components of Z^ where 7r G B\. If 
/i < A is dominant and v G is standard on Z\ and Z 2 with respect to A, 
then v is also standard on Z\ fl Z 2 with respect to A. 

Proof. Let Z x = [R,xi,iui], Z 2 = [/ 2 ,x 2 ,w 2 ], and A — /1 = Yh n kOtk- From 
1 / G B^ standard on Z t follows rik = 0Vfc^ hence rik = 0 V/c ^ /1 fl J 2 . As 
we have Z\ fl Zn C Xj ir j 21 the weight /i has the property stated in definition 

El 

By definition, the path v G B^ is standard on Z, : if and only if v is 
standard on Z r n Y. It remains to show that a path which is standard on 
two Schubert varieties in G/B x G/B is also standard on their intersection. 

Let v G B^ be standard on L* = [0,Xi,Wj], i = 1,2. We claim that 
in that case v is also standard on Yf fl Y 2 . Indeed, v is standard on Y = 
[0, x, w\ = S(xw 0 ) x S(w) if and only if i(y) < (xw 0 ,w), where i(v) is the 
initial direction of the path i{y). Denoting i(y) = (xw 0 ,w), v is standard on 
Y if x > x and w < w. In particular, v is standard on [0, x, w\. 

v standard on Y\ and Y 2 x > xi, x > x 2 , w < w±, w < w 2 

[0,x, w\ < [®,xi,wi] and [0,x, w\ < [0,x 2 ,w 2 ] 
[0, x, w] C Yi fl Y 2 
v standard on Y x fl Y 2 

□ 
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